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NEW GEOMETRIC ASPECTS OF MOSER-TRUDINGER INEQUALITIES
ON RIEMANNIAN MANIFOLDS: THE NON-COMPACT CASE
ALEXANDRU KRISTA´LY
Abstract. In the first part of the paper we investigate some geometric features of Moser-
Trudinger inequalities on complete non-compact Riemannian manifolds. By exploring re-
arrangement arguments, isoperimetric estimates, and gluing local uniform estimates via Gro-
mov’s covering lemma, we provide a Coulhon, Saloff-Coste and Varopoulos type characterization
concerning the validity of Moser-Trudinger inequalities on complete non-compact n−dimensional
Riemannian manifolds (n ≥ 2) with Ricci curvature bounded from below. Some sharp con-
sequences are also presented both for non-negatively and non-positively curved Riemannian
manifolds, respectively. In the second part, by combining variational arguments and a Lions
type symmetrization-compactness principle, we guarantee the existence of a non-zero isometry-
invariant solution for an elliptic problem involving the n−Laplace-Beltrami operator and a
critical nonlinearity on n−dimensional homogeneous Hadamard manifolds. Our results comp-
lement in several directions those of Y. Yang [J. Funct. Anal., 2012].
Dedicated to my children, Maro´t, Bora, Zonga and Bendegu´z.
1. Introduction
1.1. Objectives. The Moser-Trudinger inequality, as the borderline case of Sobolev inequali-
ties, plays a crucial role in the theory of geometric functional analysis and its applications in
the study of quasilinear elliptic problems on the Sobolev space W 1,n defined on n−dimensional
geometric objects, n ≥ 2.
In the present paper we investigate the influence of geometry of complete non-compact Rie-
mannian manifolds to the validity, sharpness and further aspects of Moser-Trudinger inequali-
ties. Roughly speaking, we shall
• characterize the validity of Moser-Trudinger inequalities on complete non-compact Rie-
mannian manifolds with Ricci curvature bounded from below in terms of the volume
growth of geodesic balls (no assumption on the injectivity radius is required);
• provide sharp consequences both on non-negatively and non-positively curved Riemann-
ian manifolds;
• guarantee the existence of a non-zero isometry-invariant solution for a quasilinear el-
liptic problem on n−dimensional homogeneous Hadamard manifolds which involves the
n−Laplace-Beltrami operator and a term with critical growth.
Before to state our results we recall some features of the Moser-Trudinger inequality which will
be used in the sequel.
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1.2. Short overview of Moser-Trudinger inequalities. Let Ω be an open subset of the
Euclidean space Rn (n ≥ 2) with finite Lebesgue measure. It is well known that the border-
line case of the Sobolev embeddings W 1,p0 (Ω) →֒ Lq(Ω), where 1 ≤ q ≤ npn−p and 1 < p < n,
has an unusual behavior; indeed, when n = p, the Sobolev space W 1,n0 (Ω) cannot be contin-
uously embedded into L∞(Ω), although formally this should be the case. Motivated by this
phenomenon, Trudinger [48] proved that W 1,n0 (Ω) →֒ Lψn(Ω), where Lψn(Ω) is the Orlicz space
associated with the Young function ψn(s) = e
α|s|
n
n−1 − 1 for α > 0 sufficiently small. A few
years later, Moser [43] stated the sharp version of this embedding, by proving that there exists
M0 = M0(n) > 0 depending only on n such that
sup
u∈H
∫
Ω
eα|u|
n
n−1
dx =
{
M0Vole(Ω) if α ∈ [0, αn];
+∞ if α > αn; (1)
here H = {u ∈ W 1,n0 (Ω) : ∫Ω |∇u|ndx ≤ 1} , Vole(·) is the Euclidean volume, ωn−1 is the area
of the unit sphere Sn−1 ⊂ Rn and
αn = nω
1
n−1
n−1
is the critical exponent.
The Moser-Trudinger inequality (1) became in this way the starting point of further studies
in various directions, both in the Euclidean and non-Euclidean settings. In the Euclidean case,
milestone results can be found concerning the sharpness and existence of extremal functions
for the classical Moser-Trudinger inequality both on bounded and unbounded sets, see e.g.
Carleson and Chang [10], Flucher [25], Lin [40], Li and Ruf [39]. In particular, if n ≥ 2 and
Φn(t) = e
t −
n−2∑
k=0
tk
k!
, (2)
Li and Ruf [39] proved that
SLRn := sup
u∈W 1,n(Rn), ‖u‖0,1≤1
∫
Rn
Φn(αn|u| nn−1 )dx <∞, (3)
where ‖u‖n0,1 =
∫
Rn
(|∇u|n + |u|n)dx. The constant αn in (3) is sharp; although the integral in
(3) is finite for every α > 0 instead of αn, the supremum is infinite for α > αn. Improvements
and higher order extensions of the Moser-Trudinger inequality can be found e.g. in Adams
[1], Adimurthi and Druet [2], Cianchi, Lutwak, Yang and Zhang [14], Ibrahim, Masmoudi and
Nakanishi [30], Masmoudi and Sani [42], Ruf and Sani [46], and references therein.
Moser-Trudinger inequalities in the non-Euclidean setting captured also special attention.
On one hand, sharp Moser-Trudinger inequalities are established in Heisenberg and Carnot
groups, see Cohn and Lu [15], Lam and Lu [35], Balogh, Manfredi and Tyson [5], and on
CR spheres, see Branson, Fontana and Morpurgo [7]. On the other hand, deep achievements
can be found in the study of Moser-Trudinger inequalities on Riemannian manifolds which are
particularly important from the viewpoint of the present paper.
Let n ≥ 2 and (M, g) be an n−dimensional Riemannian manifold endowed with its canonical
volume form dvg. For τ > 0 fixed, on the usual Sobolev space W
1,n(M) = W 1,n0 (M) defined on
(M, g), see Hebey [28], we consider the equivalent norms
‖u‖0,τ =
(‖∇gu‖nLn(M) + τn‖u‖nLn(M)) 1n and ‖u‖1,τ = ‖∇gu‖Ln(M) + τ‖u‖Ln(M),
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where the Lebesgue norms ‖ · ‖Ln(M) are defined by means of the volume form dvg. According
to these norms, for every α > 0, τ > 0 and i ∈ {0, 1}, we introduce the quantities
Siα,τ (M, g) := sup
u∈W 1,n(M), ‖u‖i,τ≤1
∫
M
Φn(α|u| nn−1 )dvg,
where Φn is from (2). Since ‖u‖0,τ ≤ ‖u‖1,τ , then S1α,τ (M, g) ≤ S0α,τ (M, g) for every α, τ > 0.
Let i ∈ {0, 1}. If there exists α > 0 and τ > 0 such that Siα,τ (M, g) < +∞, we say that the
Moser-Trudinger inequality (MT)iα,τ holds on (M, g). Contrary, if S
i
α,τ (M, g) = +∞ for some
α > 0 and τ > 0, we say that the Moser-Trudinger inequality (MT)iα,τ fails on (M, g).
On one hand, when (M, g) is an n−dimensional compact Riemannian manifold without bound-
ary, then for every α ∈ [0, αn] and τ > 0, the Moser-Trudinger inequality (MT)0α,τ holds on
(M, g) and the critical exponent αn is sharp, see Li [38]; a higher order extension of Li’s result
can be found in do O´ and Yang [24]. Note that both papers [24] and [38] are extensions of
Fontana [26] replacing the constraints
∫
M
udvg = 0 and ‖∇gu‖Ln(M) ≤ 1 from [26] by ‖u‖0,τ ≤ 1
for every τ > 0. On the other hand, when (M, g) is an n−dimensional compact Riemannian
manifold with smooth boundary ∂M , then Cherrier [13] proved that for every 0 ≤ α < 2 11−nαn,
sup∫
M
udvg = 0, ‖∇gu‖Ln(M) ≤ 1
∫
M
eα|u|
n
n−1
dvg <∞, (4)
and the above constant is sharp, i.e., if α > 2
1
1−nαn, then the supremum in (4) is infinite.
The study of Moser-Trudinger inequalities on non-compact Riemannian manifolds is more
delicate, the curvature playing a crucial role. On one hand, Yang [52, Theorem 2.3] proved
that if (M, g) is an n−dimensional complete non-compact Riemannian manifold with Ricci
curvature bounded from below and positive injectivity radius, then for every α ∈ [0, αn), there
exists τ > 0 such that (MT)1α,τ holds on (M, g), while for every α > αn and τ > 0, (MT)
1
α,τ
fails on (M, g). We emphasize that Yang’s result deeply exploits the existence of lower bounds
on the harmonic radius in terms of bounds on the Ricci curvature and the injectivity radius,
see Hebey [28, Theorems 1.2 & 1.3]. On the other hand, by using the arguments from Lam
and Lu [35] and fine estimates on the density function of the volume form, Yang, Su and Kong
[51] proved that (MT)0α,τ holds on every Hadamard manifold (M, g) for every α ∈ [0, αn] and
τ > 0, and αn is again sharp; furthermore, as a consequence of Yang [52, Proposition 2.1], the
embedding W 1,n(M) →֒ Lp(M) is continuous for every p ∈ [n,∞).
In the next chapter we shall state and comment our achievements; first, some theoretical re-
sults are established and then we present an application on homogeneous Hadamard manifolds.
2. Statement of main results
2.1. Theoretical results: validity of Moser-Trudinger inequalities. A first statement
concerns the failure of Moser-Trudinger inequalities in two different settings without any cur-
vature restriction.
Proposition 2.1. Let (M, g) be an n−dimensional complete Riemannian manifold, n ≥ 2.
The following statements hold:
(i) If (M, g) is non-compact with Volg(M) <∞ then for any α > 0 and τ > 0, the Moser-
Trudinger inequalities (MT)iα,τ fail on (M, g), i ∈ {0, 1};
(ii) For any α > αn and τ > 0, the inequalities (MT)
i
α,τ fail on (M, g), i ∈ {0, 1}.
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According to Proposition 2.1, Moser-Trudinger inequalities (MT)iα,τ on any n−dimensional
non-compact complete Riemannian manifold (M, g) are relevant whenever Volg(M) = ∞ and
the parameter α belongs to the subcritical interval [0, αn].
Let (M, g) be an n−dimensional complete Riemannian manifold and Ω be a smooth open
subset in M , n ≥ 2. We define the n−isoperimetric constant of Ω as
In(Ω, g) := inf
A
Areag(∂A)
Volg(A)
1− 1
n
,
where A varies over open sets of Ω having compact closure and smooth boundary. Hereafter,
Areag(∂A) stands for the area of ∂A with respect to the metric induced on ∂A by g, and Volg(A)
is the volume of A with respect to g. By considering geodesic balls A := Bx(r) in Ω ⊂M with
r → 0+, one clearly has
In(Ω, g) ≤ nω
1
n
n , (5)
the number nω
1
n
n being the n−dimensional Euclidean isoperimetric ratio. For later use, let
Isop(Ω, g) :=
In(Ω, g)
nω
1
n
n
∈ [0, 1] (6)
be the normalized n−isoperimetric constant of Ω.
By using rearrangement arguments on Riemannian manifolds in the spirit of Aubin-Hebey,
see [4, 28], we prove the following quantitative result which states a connection between the
isoperimetric data of an open set Ω ⊂M and Moser-Trudinger inequalities on (Ω, g):
Lemma 2.1. Let (M, g) be an n−dimensional complete Riemannian manifold, n ≥ 2, and Ω
be a smooth open subset in M such that Isop(Ω, g) > 0. The following statements hold:
(i) If Volg(Ω) <∞, for α ∈
[
0, Isop(Ω, g)
n
n−1αn
]
and u ∈ C∞0 (Ω) with ‖∇gu‖Ln(Ω) ≤ 1, one
has ∫
Ω
Φn(α|u| nn−1 )dvg ≤M0‖∇gu‖nLn(Ω)Volg(Ω),
where M0 > 0 is from (1).
(ii) For any τ > 0 and α ∈
[
0,min
{
τ
n
n−1 , Isop(Ω, g)
n
n−1
}
αn
]
, the Moser-Trudinger inequal-
ities (MT)iα,τ hold on (Ω, g), i ∈ {0, 1}.
It is worth to point out the consistency of Proposition 2.1 (i) and Lemma 2.1, respectively.
Indeed, when (M, g) is of finite volume then Isop(M, g) = 0; the latter fact can be checked by
taking the test-sets A := M \Bx(r) and letting r → 0.
By exploring Lemma 2.1 (i) and Gromov’s covering lemma, we may characterize the validity
of Moser-Trudinger inequalities on manifolds with Ricci curvature bounded from below in the
spirit of Coulhon, Saloff-Coste [16] and Varopoulos [49]:
Theorem 2.1. Let (M, g) be an n−dimensional complete non-compact Riemannian manifold
(n ≥ 2) with Ricci curvature bounded from below. Then the following statements are equivalent:
(i) There exists α ∈ (0, αn] and τ > 0 such that (MT)0α,τ holds on (M, g);
(ii) There exists α ∈ (0, αn] and τ > 0 such that (MT)1α,τ holds on (M, g);
(iii) infx∈M Volg(Bx(1)) > 0.
Moreover, any of the above statements imply that the embedding W 1,n(M) →֒ Lp(M) is contin-
uous for every p ∈ [n,∞).
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Remark 2.1. (a) If (M, g) is an n−dimensional complete non-compact Riemannian manifold
with Ricci curvature bounded from below and positive injectivity radius, it follows by Croke
[17] that infx∈M Volg(Bx(1)) > 0. Therefore, we may apply Theorem 2.1 in order to prove the
validity of (MT)1α,τ on (M, g) for some α ∈ (0, αn] and τ > 0, recovering partially the result
of Yang [52, Theorem 2.3]. Note that in Yang’s result the positivity of the injectivity radius
is indispensable. Furthermore, our argument shows that once the normalized n−isoperimetric
constant Isop(M, g) is close to 1, the value α for which (MT)1α,τ holds on (M, g) approaches
the critical exponent αn, see Remark 4.1.
(b) Following the approach from Carron [11] and Hebey [28, Lemma 2.2], we stress that the
implication (ii)⇒(iii) is valid on generic Riemannian manifolds, see Yang [52, Proposition 2.1].
A similar argument also works for (i)⇒(iii).
A remarkable consequence of Theorem 2.1 is as follows:
Corollary 2.1. Let (M, g) be a two-dimensional complete non-compact Riemannian manifold
with non-negative sectional curvature. Then there exists α ∈ (0, 4π] and τ > 0 such that
(MT)iα,τ holds on (M, g), i ∈ {0, 1}.
Remark 2.2. (a) On one hand, Corollary 2.1 cannot be deduced from Yang [52, Theorem 2.3]
since no lower bound for the injectivity radius can be guaranteed. Indeed, Croke and Karcher
[19] modified the paraboloid of revolution by gluing to it a sequence of disjoint tangential cones
in order to obtain a hypersurface with positive sectional curvature and zero injectivity radius.
On the other hand, under the assumptions of Corollary 2.1 it follows by [19, Theorem A] that
Volg(Bx(r)) ≥ CMr2 for every x ∈M and 0 ≤ r ≤ 1,
the constant CM ∈ (0, π] depending only on (M, g). Thus, it remains to apply Theorem 2.1 to
conclude the proof of Corollary 2.1.
(b) We emphasize that Corollary 2.1 is sharp with respect to the dimension. Indeed, one can
construct convex hypersurfaces H in Rn+1 with n ≥ 3, having positive sectional curvature and
infx∈H Volg(Bx(1)) = 0, see Croke and Karcher [19, p. 755]. Consequently, by Theorem 2.1
and Proposition 2.1 (ii), the Moser-Trudinger inequalities (MT)iα,τ fail on H for every α > 0,
τ > 0, and i ∈ {0, 1}.
Another byproduct of Lemma 2.1 is a sharp Moser-Trudinger inequality on Hadamard mani-
folds (simply connected, complete Riemannian manifold with non-positive sectional curvature):
Corollary 2.2. Let (M, g) be an n−dimensional Hadamard manifold (n ≥ 2) which satisfies
the Cartan-Hadamard conjecture. Then for every α ∈ [0, αn] and τ ≥ 1, the Moser-Trudinger
inequalities (MT)iα,τ hold on (M, g), i ∈ {0, 1}. Moreover, the embedding W 1,n(M) →֒ Lp(M)
is continuous for every p ∈ [n,∞).
Remark 2.3. Given an n−dimensional Hadamard manifold, n ≥ 2, the Cartan-Hadamard
conjecture is equivalent to Isop(M, g) = 1, i.e., for every bounded open set A ⊂ M with
smooth boundary, one has
Areag(∂A) ≥ nω
1
n
n Volg(A)
n−1
n , (7)
see Aubin [4]. Note that the Cartan-Hadamard conjecture holds on any Hadamard manifold
of dimension 2, cf. Beckenbach and Rado´ [6] and Weil [50], of dimension 3, cf. Kleiner [31],
and of dimension 4, cf. Croke [18]. We also notice that Corollary 2.2 has been proved in [51,
Theorem 1.2] without requiring the validity of the Cartan-Hadamard conjecture; the approach
in [51] is based on fine estimates for Jacobi fields.
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2.2. Application: elliptic PDE on Hadamard manifolds with critical nonlinearity. In
the sequel, we shall present an application of the sharp Moser-Trudinger inequalities (Corollary
2.2 and [51, Theorem 1.2]) by considering the model elliptic problem
−∆n,gu+ |u|n−2u = f(u) in M, (P)
where n ≥ 2, (M, g) is an n−dimensional Hadamard manifold, ∆n,gu = divg(|∇gu|n−2∇gu)
is the n−Laplace-Beltrami operator on (M, g), and the continuous function f : [0,∞) → R
satisfies the following hypotheses:
(f0) there exists γ > n with f(s) = O(sγ−1) as s→ 0+;
(f1) there is α0 > 0 with f(s) = O(Φn(α0s nn−1 )) as s→∞, and lims→∞ sf(s)e−α0s
n
n−1
=∞;
(f2) there exists µ > n such that 0 < µF (s) ≤ sf(s) for every s > 0, where F (s) =
∫ s
0
f(t)dt;
(f3) there exist R0 > 0 and A0 > 0 such that F (s) ≤ A0f(s) for every s ≥ R0.
Remark 2.4. Let n = 2 and f : [0,∞)→ R be defined by f(s) = min{1, s}(es2 − 1). Then f
satisfies hypotheses (f0)− (f3) with γ = µ = 3 and α0 = R0 = A0 = 1.
Let Isomg(M) be the group of isometries of (M, g) and G be a subgroup of Isomg(M). The
orbit of x ∈ M under the action of G is OxG = {σ(x) : σ ∈ G}. A function u : M → R is
G−invariant if u(σ(x)) = u(x) for every x ∈ M and σ ∈ G, i.e., u is constant on the orbit OxG.
The fixed point set of G on M is given by FixM(G) = {x ∈M : σ(x) = x for all σ ∈ G}.
We shall prove the following result:
Theorem 2.2. Let (M, g) be an n−dimensional homogeneous Hadamard manifold (n ≥ 2),
and let G be a compact connected subgroup of Isomg(M) such that FixM(G) = {x0} for some
x0 ∈ M and Card(OxG) = ∞ for every x ∈ M \ {x0}. If f : [0,∞) → R satisfies hypotheses
(f0)− (f3), then problem (P) has a non-zero, non-negative, G−invariant weak solution.
Remark 2.5. (i) A similar result to Theorem 2.2 has been established on R2 by de Figueiredo,
Miyagaki and Ruf [20]. The novelty of Theorem 2.2 is twofold. First, no restriction is imposed
on the boundedness from below of the Ricci curvature on (M, g) as in Yang [52, Theorem 2.7].
Second, Theorem 2.2 seems to be the first existence result on non-compact Riemannian mani-
folds involving exponential terms, by exploring deep features of the isometric group in order to
overcome some compactness. In order to recover the non-compactness of the space (even in the
Euclidean case), instead of the left-hand side of (P), most of the authors considered operators
of the form u 7→ −∆n,gu+ V (x)|u|n−2u where V is coercive, i.e., V (x)→∞ as dg(x0, x)→∞
for some x0 ∈ M fixed, see e.g. Adimurthi and Yang [3], do O´ [22], do O´ and Yang [24],
Lam and Lu [34], Yang [52]. Under this coercivity assumption a Rabinowitz-type argument
shows that the weighted Sobolev space W 1,nV (M) = {u ∈ W 1,n(M) :
∫
M
V (x)|u|ndvg < ∞} is
compactly embedded into Lp(M), p ∈ [n,∞). In our case such approach fails. However, in
order to prove Theorem 2.2, we shall combine the principle of symmetric criticality of Palais
[44] with a recent characterization of compactness of invariant Sobolev spaces a` la Lions (see
[41]) under the action of isometries, see Skrzypczak and Tintarev [47]. As far as we know, the
only result for V ≡ 1 in Rn has been provided recently by do O´, de Souza, de Medeiros and
Severo [23] via a Lions-type concentration-compactness argument.
(ii) Theorem 2.2 is new even in the Euclidean case where one can choose certain subgroups
G of the special orthogonal group in Rn. Further examples will be provided in §5 on the
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n−dimensional hyperbolic space, and on the open convex cone of symmetric positive definite
matrices endowed with a trace-type scalar product.
3. Preliminaries
3.1. Generic notions. In order the paper to be self-contained, we recall those ingredients
from Riemannian geometry which will be used throughout the paper. Let (M, g) be an
n−dimensional Riemannian manifold, TxM be the tangent space at x ∈ M, TM = ∪x∈MTxM
be the tangent bundle, and dg : M × M → [0,∞) be the induced metric function by the
Riemannian metric g. As usual, let Bx(r) = {y ∈ M : dg(x, y) < r} and Bx(r) = {y ∈ M :
dg(x, y) ≤ r} be the open and closed geodesic balls with center x ∈ M and radius r > 0,
respectively. If dvg is the canonical volume element on (M, g), the volume of an open bounded
set Ω ⊂ M is Volg(Ω) =
∫
Ω
dvg = Hn(Ω), where Hn(S) denotes the n−dimensional Hausdorff
measure of Ω with respect to the metric dg. Let dσg be the (n − 1)−dimensional Riemann
measure induced on ∂Ω by g; then Areag(∂Ω) =
∫
∂Ω
dσg = Hn−1(∂Ω) is the area of ∂Ω with
respect to the metric g. For further use, B0(δ), dx, dσe, Vole(S) and Areae(S) denote the
Euclidean counterparts of the above notions when S ⊂ Rn.
The behavior of the volume of small geodesic balls can be expressed as follows; for every
x ∈M we have (see Gallot, Hulin and Lafontaine [27, Theorem 3.98]):
Volg(Bx(ρ)) = ωnρ
n(1 + o(ρ)) as ρ→ 0. (8)
The manifold (M, g) has Ricci curvature bounded from below if there exists k ∈ R such that
Rc(M,g) ≥ kg in the sense of bilinear forms, i.e., Rc(M,g)(X,X) ≥ k|X|2x for every X ∈ TxM and
x ∈ M, where Rc(M,g) is the Ricci curvature, and |X|x denotes the norm of X with respect to
the metric g at the point x. For simplicity of notation, 〈·, ·〉x denotes the scalar product gx on
TxM induced by the metric g. When no confusion arises, if X, Y ∈ TxM , we simply write |X|
and 〈X, Y 〉 instead of |X|x and 〈X, Y 〉x, respectively.
In the sequel, Vk(ρ) shall denote the volume of a ball of radius ρ in the n−dimensional simply
connected, complete Riemannian manifold of constant sectional curvature k ∈ R. The behavior
of the volume of large geodesic balls is given by Bishop-Gromov and Bishop-Gunther:
Proposition 3.1. [27, Theorem 3.101] Let (M, g) be an n−dimensional complete Riemannian
manifold. The following statements hold:
(i) If Rc(M,g) ≥ k(n− 1)g for some k ∈ R, then ρ 7→ Volg(Bx(ρ))Vk(ρ) is non-increasing for every
x ∈M . In particular, by (8), one has Volg(Bx(ρ)) ≤ Vk(ρ) for every ρ ≥ 0 and x ∈M.
(ii) If the sectional curvature of (M, g) is bounded from above by k ∈ R, then Volg(Bx(ρ)) ≥
Vk(ρ) for every ρ ≥ 0 and x ∈M.
The following result, which is a local isoperimetric inequality on Riemannian manifolds with
Ricci curvature bounded from below, plays a crucial role in the proof of Theorem 2.1.
Proposition 3.2. [28, Lemma 3.2] Let (M, g) be an n−dimensional complete Riemannian
manifold whose Ricci curvature satisfies Rc(M,g) ≥ kg for some k ∈ R, and suppose that there
exists v > 0 such that Volg(Bx(1)) ≥ v for every x ∈M . Then there exist two positive constants
C0 = C(n, k, v) and η0 = η(n, k, v), depending only on n, k, and v, such that for any open set
Ω ⊂M with smooth boundary and compact closure, if Volg(Ω) ≤ η0, then
Areag(∂Ω) ≥ C0Volg(Ω)n−1n .
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Gromov’s covering lemma, whose proof is based on Proposition 3.1 (i), reads as follows:
Proposition 3.3. [28, Lemma 1.1] Let (M, g) be an n−dimensional complete Riemannian
manifold whose Ricci curvature satisfies Rc(M,g) ≥ kg for some k ∈ R, and let ρ > 0 be fixed.
Then there exists a sequence {xj}j∈I ⊂M (with I countable) such that for every r ≥ ρ :
(i) the family of sets {Bxj(r)} is a uniformly locally finite covering of M and there exists
an upper bound N0 for this covering in terms of n, ρ, r and k;
(ii) Bxi(
ρ
2
) ∩Bxj (ρ2) = ∅ for every i 6= j.
3.2. Compactness vs. symmetrization on Hadamard manifolds. Let p ∈ [1,∞). The
norm of Lp(M) is given by ‖u‖Lp(M) =
(∫
M
|u|pdvg
) 1
p
while ‖ · ‖L∞(M) denotes the usual
supremum-norm. Let u :M → R be a function of class C1. If (xi) denotes the local coordinate
system on a coordinate neighborhood of x ∈M , and the local components of the differential of
u are ui =
∂u
∂xi
, then the local components of the gradient ∇gu are ui = gijuj. Here, gij are the
local components of g−1 = (gij)
−1. In particular, for every x0 ∈M one has
|∇gdg(x0, ·)| = 1 a.e. on M. (9)
The Ln(M) norm of ∇gu(x) ∈ TxM is given by
‖∇gu‖Ln(M) =
(∫
M
|∇gu|ndvg
) 1
n
,
while the space W 1,n(M) is the completion of C∞0 (M) with respect to the norm ‖ · ‖0,1.
In the sequel we adapt the main results from Skrzypczak and Tintarev [47] to our setting
concerning the Sobolev spaces in the presence of group-symmetries; for a similar approach see
also Hebey and Vaugon [29]. When (M, g) is a Hadamard manifold, the embeddingW 1,n(M) →֒
Lp(M) is continuous for every p ∈ [n,∞) (cf. Corollary 2.2), but not compact. By exploiting
the fact that the embedding W 1,n(M) →֒ Lp(M) is (weakly) cocompact relative to the isometry
group Isomg(M) for every p ∈ (n,∞), one can state the following result:
Proposition 3.4. [47, Theorem 1.3 & Proposition 3.1] Let (M, g) be an n−dimensional ho-
mogeneous Hadamard manifold and G be a compact connected subgroup of Isomg(M) such that
FixM(G) is a singleton. Then the subspace of G−invariant functions of W 1,n(M), i.e.,
W
1,n
G (M) = {u ∈ W 1,n(M) : u ◦ σ = u for all σ ∈ G}
is compactly embedded into Lp(M) for every p ∈ (n,∞).
We conclude this section with the principle of symmetric criticality of Palais [44]. A group
G acts continuously on a real Banach space W by an application [σ, u] 7→ σu from G ×W to
W if this map itself is continuous on G×W and
• σidu = u for every u ∈ W , where σid ∈ G is the identity element of G;
• (σ1σ2)u = σ1(σ2u) for every σ1, σ2 ∈ G and u ∈ W ;
• u 7→ σu is linear for every σ ∈ G.
Proposition 3.5. [44] Let W be a real Banach space, G be a compact topological group acting
continuously on W by a map [σ, u] 7→ σu from G×W to W , and h : W → R be a G−invariant
C1−function, i.e., h(σu) = h(u) for every (σ, u) ∈ G×W . If uG ∈ FixW (G) = {u ∈ W : σu =
u for all σ ∈ G} is a critical point of hG = h|FixW (G), then uG is also a critical point of h.
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4. Proof of theoretical results
Proof of Proposition 2.1. (i) It is enough to prove the statement for (MT)1α,τ . By contra-
diction, let us assume that (MT)1α,τ holds on (M, g) for some α > 0 and τ > 0. Due to Yang
[52, Proposition 2.1], there is v > 0 such that Volg(Bx(1)) ≥ v for every x ∈ M. A similar
argument as in Hebey [28, pp. 53-54] based on Zorn lemma shows that there exists a sequence
{xi}i∈I ⊂M such that Bxi(1) ∩Bxj (1) = ∅ for every i 6= j and M =
⋃
i∈I Bxi(2). Note that
+∞ > Volg(M) ≥
∑
i∈I
Volg(Bxi(1)) ≥ Card(I)v.
Therefore, I is finite, which implies together with the Hopf-Rinow theorem that M is covered
by a finite number of relatively compact sets; thus M is compact, a contradiction.
(ii) A similar statement for (MT)1α,τ is presented by Yang [52] on Riemannian manifolds with
Ricci curvature bounded from below and positive injectivity radius. In fact, since the Moser-
type truncation functions are locally constructed, the proof in [52] works in generic Riemannian
manifolds as well; for completeness we provide its proof since some parts will be used later on.
Let x0 ∈M be arbitrarily fixed and denote by ix0 the injectivity radius at x0; clearly, ix0 > 0.
Choose also ε0 ∈ (0, ix0) sufficiently small such that it belongs to the range of (8). For every
ε ∈ (0, ε0), we introduce the Moser-type truncation function uε :M → [0,∞) defined by
uε(x) = min
{(
log ε0
dg(x0,x)
log ε0
ε
)
+
, 1
}
, (10)
where r+ = max{0, r} for r ∈ R. The functions uε can be approximated by elements from
C∞0 (M) and we shall see that uε ∈ W 1,n(M). Indeed, on one hand, a simple computation
combined with (8), (9) and the layer cake representation gives
‖∇guε‖nLn(M) = nωn
(
log
ε0
ε
)1−n(
1 +O
((
log
ε0
ε
)−1))
,
as ε→ 0. On the other hand, again by the layer cake representation and (8), we obtain that
‖uε‖nLn(M) = O
((
log
ε0
ε
)−n)
,
as ε→ 0. Consequently, since nωn = ωn−1, if τ > 0 is arbitrarily fixed, one has that
‖uε‖1,τ = ω
1
n
n−1
(
log
ε0
ε
) 1−n
n
(
1 +O
((
log
ε0
ε
)− 1
n
))
. (11)
Therefore, if α > αn = nω
1
n−1
n−1 , by relations (8) and (11) it follows that
S1α,τ (M, g) ≥ lim
ε→0
∫
M
Φn

α u
n
n−1
ε
‖uε‖
n
n−1
1,τ

 dvg ≥ lim
ε→0
∫
Bx0(ε)
Φn

 α
‖uε‖
n
n−1
1,τ

 dvg
= lim
ε→0
(
Volg(Bx0(ε))Φn
(
α‖uε‖
n
1−n
1,τ
))
= ε
αω
1
1−n
n−1
0 lim
ε→0
εn−αω
1
1−n
n−1
= +∞,
which means that the Moser-Trudinger inequality (MT)1α,τ fails on (M, g). Since S
1
α,τ (M, g) ≤
S0α,τ (M, g), (MT)
0
α,τ also fails on (M, g), which concludes the proof. 
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Proof of Lemma 2.1. We divide the proof into four steps.
Step 1: choice of test functions. Since for every u ∈ W 1,n(M) we have |∇gu| = |∇g|u|| a.e.
on M, classical Morse theory and density argument show that Moser-Trudinger inequalities
on (M, g) are sufficient to be considered for continuous test functions u : M → [0,∞) having
compact support S ⊂M , where S is enough smooth, u being of class C∞ in S and having only
non-degenerate critical points in S.
Step 2: Po´lya-Szego˝-type inequality. Let Ω ⊂ M be an open set and we consider a non-
negative function u ∈ C∞0 (Ω) with the properties from Step 1. To this function u, we associate
its Euclidean rearrangement function u∗ : Rn → [0,∞) which is radially symmetric, non-
increasing in |x|, and for every t > 0 is defined by
Vole({x ∈ Rn : u∗(x) > t}) = Volg({x ∈ Ω : u(x) > t}). (12)
It is clear by (12) that
Volg(Ω) ≥ Volg(S) = Volg(supp(u)) = Vole(supp(u∗)) = Vole(B0(RS)) (13)
for some RS > 0. By the layer cake representation, for every q > 0 one has∫
Ω
uqdvg =
∫ ∞
0
Volg({x ∈ Ω : uq(x) > t})dt =
∫ ∞
0
Vole({x ∈ Rn : (u∗)q(x) > t})
=
∫
B0(RS)
(u∗)qdx. (14)
For abbreviation, we consider the sets
At = {x ∈ Ω : u(x) > t}, A∗t = {x ∈ Rn : u∗(x) > t}
for every 0 < t < ‖u‖L∞(M) = ‖u∗‖L∞(Rn). The boundaries of At and A∗t are exactly the level
sets ∂At = u
−1(t) ⊂ S ⊂ Ω and ∂A∗t = (u∗)−1(t) ⊂ Rn, which are regular. Since u∗ is radially
symmetric, the set ∂A∗t is an (n − 1)−dimensional sphere for every 0 < t < ‖u‖L∞(M) =
‖u∗‖L∞(Rn). Therefore, by relation (12) we have that
Areag(∂At) ≥ In(Ω, g)Volg(At)n−1n = In(Ω, g)Vole(A∗t )
n−1
n
= Isop(Ω, g)Areae(∂A
∗
t ). (15)
Let
V (t) = Volg(At) = Vole(A
∗
t ).
The co-area formula (see Chavel [12, pp. 302-303]) gives
V ′(t) = −
∫
∂At
1
|∇gu|dσg = −
∫
∂A∗t
1
|∇u∗|dσe. (16)
Since |∇u∗| is constant on the sphere ∂A∗t , by (16) one has that
V ′(t) = −Areae(∂A
∗
t )
|∇u∗(x)| , x ∈ Γ
∗
t . (17)
By (16) again and Ho¨lder’s inequality it turns out that
Areag(∂At) =
∫
∂At
dσg ≤ (−V ′(t))
n−1
n
(∫
∂At
|∇gu|n−1dσg
) 1
n
.
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For every 0 < t < ‖u‖L∞(M), by using (15) and (17), it follows that∫
∂At
|∇gu|n−1dσg ≥ Areag(∂At)n (−V ′(t))1−n
≥ Isop(Ω, g)nAreae(∂A∗t )n
(
Areae(∂A
∗
t )
|∇u∗(x)|
)1−n
(x ∈ Γ∗t )
= Isop(Ω, g)n
∫
∂A∗t
|∇u∗|n−1dσe.
The co-area formula and the above estimate give a Po´lya-Szego˝-type inequality∫
Ω
|∇gu|ndvg =
∫ ∞
0
∫
∂At
|∇gu|n−1dσgdt
≥ Isop(Ω, g)n
∫ ∞
0
∫
∂A∗t
|∇u∗|n−1dσe = Isop(Ω, g)n
∫
Rn
|∇u∗|ndx
= Isop(Ω, g)n
∫
B0(RS)
|∇u∗|ndx. (18)
Now, we are ready to prove the claims (i) and (ii).
Step 3: proof of (i). Let Ω be an open subset of M such that Isop(Ω, g) > 0, Volg(Ω) < ∞
and let u ∈ C∞0 (Ω) be a non-negative and non-zero function with the properties from Step 1
and
‖∇gu‖Ln(Ω) ≤ 1. (19)
Let u˜ = u
‖∇gu‖Ln(Ω)
. Applying the arguments from Step 2 for the function u˜, by (18) it follows
that
1 = ‖∇gu˜‖Ln(Ω) ≥ Isop(Ω, g)‖∇u˜∗‖Ln(B0(RS)), (20)
where u˜∗ is the Euclidean rearrangement function of u˜. Thus, for every α ∈
[
0, Isop(Ω, g)
n
n−1αn
]
,
we have∫
Ω
Φn
(
α|u| nn−1
)
dvg =
∞∑
j=n−1
αj
j!
∫
Ω
u˜
nj
n−1‖∇gu‖
nj
n−1
Ln(Ω)dvg
≤ ‖∇gu‖nLn(Ω)
∞∑
j=n−1
αj
j!
∫
Ω
u˜
nj
n−1dvg [see (19)]
= ‖∇gu‖nLn(Ω)
∞∑
j=n−1
αj
j!
∫
B0(RS)
(u˜∗)
nj
n−1dx [see (14)]
= ‖∇gu‖nLn(Ω)
∫
B0(RS)
Φn
(
α(u˜∗)
n
n−1
)
dx
≤ ‖∇gu‖nLn(Ω)
∫
B0(RS)
Φn
(
αn(Isop(Ω, g)u˜
∗)
n
n−1
)
dx
≤ M0‖∇gu‖nLn(Ω)Vole(B0(RS)) [see (20) and (1)]
≤ M0‖∇gu‖nLn(Ω)Volg(Ω). [see (13)]
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Step 4: proof of (ii). Let us fix τ > 0 and α ∈
[
0,min{τ nn−1 , Isop(Ω, g) nn−1}αn
]
, and let
u ∈ C∞0 (Ω) be a non-negative and non-zero function with the properties from Step 1 and
‖u‖0,τ ≤ 1. Then, by (18) we have
1 ≥ ‖u‖0,τ =
(∫
Ω
(|∇gu|n + τnun)dvg
)1/n
≥
(∫
Rn
(Isop(Ω, g)n|∇u∗|n + τn(u∗)n)dx
)1/n
≥ min{Isop(Ω, g), τ}‖u∗‖0,1.
By this estimate, (14) and (3) one has∫
Ω
Φn
(
α|u| nn−1
)
dvg =
∫
Rn
Φn
(
α(u∗)
n
n−1
)
dx
≤
∫
Rn
Φn
(
αn(min{Isop(Ω, g), τ}u∗) nn−1
)
dx
≤ SLRn ,
i.e., (MT)0α,τ holds on (Ω, g). This fact also implies that (MT)
1
α,τ holds on (Ω, g). 
Proof of Theorem 2.1. (i)⇔(ii) is trivial since the two norms ‖·‖0,τ and ‖·‖1,τ are equivalent.
More precisely, if (MT)0α,τ holds on (M, g) for some α > 0 and τ > 0, then (MT)
1
α,τ also
holds on (M, g); conversely, if (MT)1α,τ holds on (M, g) then (MT)
0
α˜,τ holds on (M, g) where
α˜ = 2
n
1−nα.
(ii)⇒(iii) is given in Yang [52, Proposition 2.1] for generic Riemannian manifolds; namely, if
(MT)1α,τ holds on (M, g) for some α > 0 and τ > 0 then for every q > n, x ∈ M and r > 0,
one has
Volg(Bx(r)) ≥ min
{
1
2τQ
,
r
2
2q−n
q−n Q
} nq
q−n
,
where Q depends on n, q, α and S1α,τ (M, g) <∞.
(iii)⇒(ii) Let v > 0 be such that Volg(Bx(1)) ≥ v for every x ∈M . According to Proposition
3.2, there exist two positive constants C0 = C(n, k, v) and η0 = η(n, k, v), depending only on
n, k and v, such that for any open set Ω ⊂ M with smooth boundary and compact closure, if
Volg(Ω) ≤ η0, then Areag(∂Ω) ≥ C0Volg(Ω)n−1n . Consequently, one has
Isop(Ω, g) ≥ C0
nω
1
n
n
for all smooth open set Ω ⊂M and Volg(Ω) ≤ η0. (21)
Let ρ0 > 0 be small enough such that ωnρ
n
0e
√
(n−1)|k|ρ0 ≤ η0. According to Proposition 3.1 (i),
it turns out that
Volg(Bx(ρ0)) ≤ η0 for all x ∈M. (22)
By Proposition 3.3, there exists a sequence {xj}j∈N ⊂ M such that Bxi(ρ04 ) ∩ Bxj(ρ04 ) = ∅ for
every i 6= j and the family of geodesic balls Bxj (ρ02 ) is a uniformly locally finite covering of M ,
the number N0 ∈ N being the uniform upper bound for this covering (which depends only on
ρ0, n and k). Let us fix x0 ∈M arbitrarily. For every j ∈ N, let
ψj(x) = min
{(
2− 2
ρ0
dg(xj , x)
)
+
, 1
}
, x ∈M.
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We have that ψj ∈ W 1,n(M), 0 ≤ ψj ≤ 1, ψj(x) = 1 for every x ∈ Bxj (ρ02 ), ψj(x) = 0 for every
x ∈M \Bxj(ρ0), while |∇gψj(x)| = 2ρ0 for a.e. x ∈ Bxj (ρ0)\Bxj(
ρ0
2
) (cf. (9)) and |∇gψj(x)| = 0
otherwise. The uniform upper bound for the above covering yields that
1 ≤
∑
j∈N
ψj(x) ≤ N0 for all x ∈M. (23)
Let τ = 4
ρ0
and fix u ∈ C∞0 (M) arbitrarily such that ‖u‖1,τ ≤ 1. By the latter relation and
the properties of ψj we have for every j ∈ N that
‖∇g(ψ2ju)‖Ln(M) = ‖ψ2j∇gu+ u∇gψ2j‖Ln(M) ≤ ‖ψ2j∇gu‖Ln(M) + 2‖uψj∇gψj‖Ln(M)
≤ ‖∇gu‖Ln(M) + τ‖u‖Ln(M) = ‖u‖1,τ
≤ 1.
This estimate and relations (22) and (21) show that for every j ∈ N we can apply Lemma 2.1(i)
to the geodesic ball Bxj(ρ0) and function ψ
2
ju (standard density arguments allow to consider
that ψ2ju is smooth), obtaining for every α ∈
[
0, (Cn0 n
−nω−1n )
1
n−1αn
]
that
∫
Bxj (ρ0)
Φn(α|ψ2ju|
n
n−1 )dvg ≤M0η0‖∇g(ψ2ju)‖nLn(Bxj (ρ0)). (24)
By the properties of the function ψj and the covering of M , it follows that∫
M
Φn(α|u| nn−1 )dvg ≤
∑
j∈N
∫
Bxj (
ρ0
2
)
Φn(α|u| nn−1 )dvg ≤
∑
j∈N
∫
Bxj (ρ0)
Φn(α|ψ2ju|
n
n−1 )dvg
≤ M0η0
∑
j∈N
‖∇g(ψ2ju)‖nLn(Bxj (ρ0)) [see (24)]
= M0η0
∑
j∈N
‖ψ2j∇gu+ u∇gψ2j‖nLn(Bxj (ρ0))
≤ M0η02n
(∑
j∈N
∫
Bxj (ρ0)
ψj |∇gu|ndvg + 4
n
ρn0
∑
j∈N
∫
Bxj (ρ0)
ψj |u|ndvg
)
≤ M0η02nN0
(∫
M
|∇gu|ndvg + 4
n
ρn0
∫
M
|u|ndvg
)
[see (23)]
= M0η02
nN0‖u‖n0,τ
≤ M0η02nN0. [since ‖u‖0,τ ≤ ‖u‖1,τ ≤ 1]
Consequently, S1α,τ (M, g) ≤M0η02nN0 for τ = 4ρ0 and every α ∈
[
0, (Cn0 n
−nω−1n )
1
n−1αn
]
, where
the constants M0, C0, η0, N0 and ρ0 depend only on n, k and v.
The continuity of the embedding W 1,n(M) →֒ Lp(M) for every p ∈ [n,∞) follows as in Yang
[52, Proposition 2.1] whenever any of the assumptions (i), (ii) or (iii) holds. 
Remark 4.1. If Isop(M, g) is close to 1, the constant C0 in (21) can be fixed close to nω
1
n
n . In
such a case, the latter proof shows that those numbers α ≥ 0 for which the Moser-Trudinger
inequality (MT)1α,τ holds on (M, g) approaches the critical exponent αn.
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Proof of Corollary 2.2. If the Cartan-Hadamard conjecture holds on (M, g), then Isop(M, g) =
1. Now, if α ∈ [0, αn] and τ ≥ 1, it remains to apply Lemma 2.1 (ii). The continuity of embed-
ding W 1,n(M) →֒ Lp(M) for every p ∈ [n,∞) follows again by [52, Proposition 2.1]. 
Remark 4.2. Let (M, g) be an n−dimensional Hadamard manifold, n ≥ 2. Precisely as in the
Euclidean case, one can prove:
Φn(α|u| nn−1 ) ∈ L1(M) for all α > 0, u ∈ W 1,n(M). (25)
The proof of (25) is based on the validity of the Moser-Trudinger inequality (MT)0α,τ on (M, g)
for some α > 0 and τ ≥ 1 (cf.Corollary 2.2), the density of C∞0 (M) in W 1,n(M) endowed with
the norm ‖ · ‖0,τ , and basic properties of the function Φn; a similar argument on Riemannian
manifolds with Ricci curvature bounded from below is presented in Yang [52, p. 1911].
5. An elliptic PDE with critical nonlinearity: proof of Theorem 2.2
Without mentioning explicitly, we assume throughout this section that all assumptions of
Theorem 2.2 are satisfied. By (f0), one has that f(0) = 0; therefore, we extend continuously
the function f : [0,∞)→ R to the whole R by f(s) = 0 for s ≤ 0; thus, F (s) = 0 for s ≤ 0 as
well. The function u ∈ W 1,n(M) is a weak solution of problem (P) if∫
M
(|∇gu|n−2〈∇gu,∇gw〉+ |u|n−2uw)dvg =
∫
M
f(u)wdvg for all w ∈ W 1,n(M). (26)
By the above extension it turns out that every weak solution of problem (P) is non-negative.
Let E : W 1,n(M)→ R be the energy functional associated with problem (P), given by
E(u) = ‖u‖
n
0,1
n
−F(u),
where
F(u) =
∫
M
F (u)dvg.
Due to (f0), (f1), there exists c0 > 0 such that
|f(s)| ≤ c0
(
|s|γ−1 + Φn(α0|s| nn−1 )
)
for all s ∈ R. (27)
Therefore, by hypothesis (f2), Ho¨lder’s inequality and the inequality
Φn(s)
q ≤ Φn(qs) for every q ≥ 1, (28)
it follows for every u ∈ W 1,n(M) that
0 ≤ F(u) ≤ c0
∫
M
|u|γdvg + c0
∫
M
|u|Φn(α0|u| nn−1 )dvg
≤ c0‖u‖γLγ(M) + c0‖u‖Ln(M)
(∫
M
Φn
(
α0n
n− 1 |u|
n
n−1
)
dvg
)n−1
n
.
The continuous embedding W 1,n(M) →֒ Lp(M) for every p ∈ [n,∞) and relation (25) imply
that the latter term in the above estimate is finite, i.e., the energy functional E is well-defined
on W 1,n(M); furthermore, E is of class C1 on W 1,n(M) and standard arguments yield that the
critical points of E are precisely the weak solutions of problem (P).
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Let G be a compact connected subgroup of Isomg(M) with the required properties, i.e.,
FixM(G) = {x0} for some x0 ∈ M and Card(OxG) = ∞ for every x ∈ M \ {x0}. The action of
G on W 1,n(M) is defined by
(σu)(x) = u(σ−1(x)) for all σ ∈ G, u ∈ W 1,n(M), x ∈M, (29)
where σ−1 :M →M is the inverse of the isometry σ. Let
W
1,n
G (M) = {u ∈ W 1,n(M) : σu = u for all σ ∈ G}
be the subspace of G−invariant functions of W 1,n(M) and let EG : W 1,nG (M) → R be the
restriction of the energy functional E to W 1,nG (M).
Several lemmas are needed in order to complete the proof of Theorem 2.2.
Lemma 5.1. Every critical point of EG is a non-negative G−invariant weak solution of (P).
Proof. We first notice that G acts continuously on W 1,n(M) by relation (29); for instance,
for every σ1, σ2 ∈ G, u ∈ W 1,n(M) and x ∈M one has
((σ1σ2)u)(x) = u((σ1σ2)
−1(x)) = u(σ−12 (σ
−1
1 (x))) = (σ2u)(σ
−1
1 (x)) = (σ1(σ2u))(x),
while the other properties trivially hold.
We claim that E is G−invariant. To see this, let u ∈ W 1,n(M) and σ ∈ G be arbitrarily
fixed. Since σ :M → M is an isometry on M , by (29), for every x ∈M we have
∇g(σu)(x) = Dσσ−1(x)∇gu(σ−1(x)),
where Dσσ−1(x) : Tσ−1(x)M → TxM denotes the differential of σ at the point σ−1(x). Note that
the (signed) Jacobian determinant of σ is 1 and Dσσ−1(x) preserves inner products. Therefore,
by using the latter facts, relation (29) and a change of variables y = σ−1(x), it turns out that
‖σu‖n0,1 =
∫
M
(|∇g(σu)(x)|nx + |(σu)(x)|n) dvg(x)
=
∫
M
(
|∇gu(σ−1(x))|nσ−1(x) + |u(σ−1(x))|n
)
dvg(x) =
∫
M
(|∇gu(y)|ny + |u(y)|n) dvg(y)
= ‖u‖n0,1,
and
F(σu) =
∫
M
F ((σu)(x))dvg(x) =
∫
M
F (u(σ−1(x)))dvg(x) =
∫
M
F (u(y))dvg(y) = F(u),
which ends the proof of the claim.
Note that FixW 1,n(M)(G) is nothing but W
1,n
G (M); therefore, if uG ∈ W 1,nG (M) is a critical
point of EG, then due to Proposition 3.5, uG is also a critical point of E and as such, uG turns
out to be a G−invariant non-negative weak solution of (P), as we pointed out before. 
Lemma 5.2. The functional EG has the mountain pass geometry, i.e.,
(i) for every non-negative, compactly supported u˜ ∈ W 1,nG (M) \ {0} we have EG(su˜)→ −∞
as s→∞;
(ii) there exist r˜ > 0 and δ˜ > 0 such that EG(u) ≥ δ˜ for every u ∈ W 1,nG (M) with ‖u‖0,1 = r˜.
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Proof. (i) Let u˜ ∈ W 1,nG (M)\{0} be a non-negative function with compact support contained
in the geodesic ball Bx0(r) for some r > 0. By (f2), it follows that there exist c1, c2 > 0 such
that F (t) ≥ c1tµ − c2 for every t ∈ [0,∞). Therefore,
EG(su˜) = sn
‖u˜‖n0,1
n
− F(su˜) ≤ sn‖u˜‖
n
0,1
n
− c1sµ
∫
Bx0(r)
u˜µdvg + c2Volg(Bx0(r)).
Since u˜ 6= 0 and µ > n, one has that EG(su˜)→ −∞ as s→∞.
(ii) By (f0) and (f1), there exists c3 > 0 such that
|f(s)| ≤ c3|s|γ−1
(
1 + Φn(α0|s| nn−1 )
)
for all s ∈ R. (30)
By Ho¨lder’s inequality and (28), for every u ∈ W 1,nG (M) one has
F(u) ≤ c3‖u‖γLγ(M) + c3
∫
M
|u|γΦn(α0|u| nn−1 )dvg
≤ c3‖u‖γLγ(M) + c3‖u‖γL2γ(M)
(∫
M
Φn(2α0|u| nn−1 )dvg
) 1
2
. (31)
Due to [51, Theorem 1.2] (or Corollary 2.2 in dimensions 2, 3 and 4), the Moser-Trudinger
inequality (MT)0αn,1 is valid on (M, g), i.e., S
0
αn,1(M, g) <∞. Let sp > 0 be the best embedding
constant in W 1,n(M) →֒ Lp(M), p ∈ [n,∞), and let us choose r˜ > 0 such that
2α0r˜
n
n−1 ≤ αn and c3n
(
s
γ
γ + s
γ
2γ(S
0
αn,1(M, g))
1
2
)
r˜γ−n < 1. (32)
Thus, for every u ∈ W 1,nG (M) with ‖u‖0,1 = r˜, by relations (31) and (32) it follows that
EG(u) ≥ r˜
n
n
− c3
(
s
γ
γ + s
γ
2γ(S
0
αn,1(M, g))
1
2
)
r˜γ := δ˜ > 0,
which concludes the proof. 
The next lemma gives information on the behavior of Palais-Smale sequences of the functional
EG; let W 1,nG (M)∗ be the dual of W 1,nG (M), and 〈·, ·〉∗ be the duality pairing between W 1,nG (M)∗
and W 1,nG (M).
Lemma 5.3. If {uj}j∈N ⊂ W 1,nG (M) is a Palais-Smale sequence of EG, i.e., EG(uj) → c ∈ R
and E ′G(uj) → 0 in W 1,nG (M)∗, then there exist a subsequence of {uj} (still denoted by {uj})
and uG ∈ W 1,nG (M) such that
(i) limj→∞F(uj) = F(uG);
(ii) uj → uG strongly in Lp(M) for every p ∈ (n,∞);
(iii) E ′G(uG) = 0, i.e., uG is a critical point of EG.
Proof. (i)&(ii) Let {uj}j∈N ⊂ W 1,nG (M) be a Palais-Smale sequence of EG at level c ∈ R,
i.e., EG(uj) → c and |〈E ′G(uj), w〉∗| ≤ εj‖w‖0,1 for every w ∈ W 1,nG (M), where limj→∞ εj = 0;
explicitly, one has
‖uj‖n0,1
n
− F(uj)→ c; (33)∣∣∣∣
∫
M
(|∇guj|n−2〈∇guj,∇gw〉+ |uj|n−2ujw)dvg −
∫
M
f(uj)wdvg
∣∣∣∣ ≤ εj‖w‖0,1, ∀w ∈ W 1,nG (M).
(34)
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By construction, f(s) = F (s) = 0 for s ≤ 0; thus, multiplying relation (33) by µ, letting w = uj
in (34), and adding these relations, it follows by hypothesis (f2) that(µ
n
− 1
)
‖uj‖n0,1 ≤
∫
M
(µF (uj)− f(uj)uj)dvg + µ|c|+ εj‖uj‖0,1 ≤ µ|c|+ εj‖uj‖0,1.
Since µ > n, the sequence {uj} is bounded in W 1,nG (M); in particular, by relation (33) and the
latter estimate one can guarantee the existence of c4 > 0 (depending only on n, µ and c) such
that for every j ∈ N,
F(uj) =
∫
M
F (uj)dvg ≤ c4 and
∫
M
f(uj)ujdvg ≤ c4. (35)
By the boundedness of {uj} in W 1,nG (M) together with the hypothesis FixM(G) = {x0} and
Proposition 3.4, there exists uG ∈ W 1,nG (M) such that, up to a subsequence, we have
uj ⇀ uG weakly in W
1,n
G (M); (36)
uj → uG strongly in Lp(M) for every p ∈ (n,∞); (37)
uj → uG a.e. in M. (38)
Let ε > 0 be fixed arbitrarily, and let
K > max
{
R0,
A0
ε
c4,
A0
ε
∫
M
f(uG)uGdvg
}
, (39)
where R0 > 0 and A0 > 0 are from (f3). Since F (s) = 0 for every s ∈ (−∞, 0] and f(s)s ≥ 0
for every s ∈ [0,∞) (cf. (f2)), by hypothesis (f3) and relations (39) and (35), one has for every
j ∈ N that ∫
{|uj |>K}
F (uj)dvg =
∫
{uj>K}
F (uj)dvg ≤ A0
∫
{uj>K}
f(uj)dvg
≤ A0
K
∫
{uj>K}
f(uj)ujdvg ≤ A0
K
c4
< ε. (40)
In a similar way, we have∫
{|uG|>K}
F (uG)dvg ≤ A0
∫
{uG>K}
f(uG)dvg ≤ A0
K
∫
{uG>K}
f(uG)uGdvg < ε. (41)
By relation (30), it follows that f(s) ≤ c3sγ−1
(
1 + Φn(α0K
n
n−1 )
)
for all s ∈ [0, K]. Therefore,
F (s) ≤ c5sγ for all s ∈ [0, K],
where c5 = c3
(
1 + Φn(α0K
n
n−1 )
)
. Consequently, for every j ∈ N we have
χ{|uj |≤K}F (uj) ≤ c5|uj|γ, (42)
where χA denotes the characteristic function of the set A ⊂M. We recall the inequality
||s|p − |t|p| ≤ p|s− t|(|s|p−1 + |t|p−1) for all p > 1 and t, s ∈ R. (43)
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By (43) and Ho¨lder’s inequality, one has∫
M
||uj|γ − |uG|γ| dvg ≤ γ
∫
M
|uj − uG|(|uj|γ−1 + |uG|γ−1)dvg
≤ γ‖uj − uG‖Lγ(M)(‖uj‖γ−1Lγ(M) + ‖uG‖γ−1Lγ(M)).
Since γ > n, due to (37) the latter term tends to zero, thus |uj|γ converges to |uG|γ in L1(M) as
j →∞. By (38), (42) and the generalized Lebesgue dominated convergence theorem we have
lim
j→∞
∫
M
χ{|uj |≤K}F (uj)dvg =
∫
M
χ{|uG|≤K}F (uG)dvg.
The latter relation together with (40) and (41) implies that
lim
j→∞
∫
M
F (uj)dvg =
∫
M
F (uG)dvg,
which proves (i). Note that (37) is precisely the property (ii).
(iii) The proof is divided into several steps.
Step 1:
lim
j→∞
∫
M
f(uj)wdvg =
∫
M
f(uG)wdvg for all w ∈ C∞0 (M). (44)
This step is similar to (i); let ε > 0 and w ∈ C∞0 (M) \ {0} be arbitrarily fixed, and let
K >
‖w‖L∞(M)
ε
max
{
c4,
∫
M
f(uG)uGdvg
}
.
Relation (35), the choice of K > 0 and the fact that |f(s)s| = f(s)s for every s ∈ R show that∫
{|uj |>K}
|f(uj)w|dvg < ε and
∫
{|uG|>K}
|f(uG)w| dvg < ε. (45)
As above, by (30), one has f(s) ≤ c3sγ−1
(
1 + Φn(α0K
n
n−1 )
)
for all s ∈ [0, K]. Therefore,
χ{|uj |≤K}|f(uj)w| ≤ c6|uj|γ−1|w|, (46)
where c6 = c3
(
1 + Φn(α0K
n
n−1 )
)
, which is formally the same as c5 but perhaps K differs. Note
that |uj|γ−1|w| converges to |uG|γ−1|w| in L1(M); indeed, since γ > n ≥ 2, by (43) and Ho¨lder’s
inequality we have∫
M
∣∣|uj|γ−1 − |uG|γ−1∣∣ |w|dvg ≤ (γ − 1)
∫
M
|uj − uG|(|uj|γ−2 + |uG|γ−2)|w|dvg
≤ (γ − 1)‖uj − uG‖Lγ(M)(‖uj‖γ−2Lγ(M) + ‖uG‖γ−2Lγ(M))‖w‖Lγ(M),
and according to (37), the above integral tends to zero as j → ∞. The generalized Lebesgue
dominated convergence theorem together with (38) and (46) provide
lim
j→∞
∫
M
χ{|uj |≤K}f(uj)wdvg =
∫
M
χ{|uG|≤K}f(uG)wdvg.
Combining the latter relation with (45), the claim (44) follows.
Step 2: for every compact set S ⊂ M \ {x0}, one has
lim
j→∞
∫
S
|f(uj)(uj − uG)|dvg = 0. (47)
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In order to prove this claim, let δ0 > 0 be fixed such that
α0
γ
γ − 12
n+1
n−1 δ
1
n−1
0 < αn, (48)
where γ > n and α0 > 0 are from hypotheses (f0) and (f1), respectively. We are going to prove
first an energy-concentration property; namely, we claim that for every x ∈ M \ {x0} there
exists 0 < rx < dg(x0, x) such that
lim
j→∞
∫
Bx(rx)
(|∇guj|n + |uj|n)dvg < δ0. (49)
By contradiction, we assume that there exists x˜ ∈M \ {x0} such that
lim
r→0
lim
j→∞
∫
Bx˜(r)
(|∇guj|n + |uj|n)dvg ≥ δ0.
By assumption, we have Card(Ox˜G) = ∞; thus, we may fix the distinct points x˜1, ..., x˜N ∈ Ox˜G
with
N >
n(|c|+ c4)
δ0
,
where c ∈ R and c4 > 0 are from (33) and (35), respectively. Note that there exists σl ∈ G such
that x˜l = σl(x˜) for every l ∈ {1, ..., N}. Furthermore, Bx˜l(r) = σlBx˜(r) for every l ∈ {1, ..., N}.
By using these facts, since uj are G−invariant functions and σl ∈ G are isometries on M , a
similar argument as in the proof of Lemma 5.1 shows that for every l ∈ {1, ..., N},∫
Bx˜l(r)
(|∇guj|n + |uj|n)dvg =
∫
σlBx˜(r)
(|∇guj|n + |uj|n)dvg =
∫
Bx˜(r)
(|∇guj|n + |uj|n)dvg.
By relations (33), (35) and the above assumption, it follows that
n(|c|+ c4) ≥ lim
j→∞
‖uj‖n0,1 = lim
j→∞
∫
M
(|∇guj|n + |uj|n)dvg
≥
N∑
l=1
lim
r→0
lim
j→∞
∫
Bx˜l(r)
(|∇guj|n + |uj|n)dvg = N lim
r→0
lim
j→∞
∫
Bx˜(r)
(|∇guj|n + |uj|n)dvg
≥ Nδ0,
which contradicts the choice of N. Therefore, relation (49) holds.
Let x ∈M \ {x0} be arbitrarily fixed, r := rx > 0 from (49) and aj = 1Volg(Bx(r))
∫
Bx(r)
ujdvg.
By Ho¨lder’s inequality and (49), for enough large j ∈ N we have
|aj | ≤ 1
Volg(Bx(r))
∫
Bx(r)
|uj|dvg ≤ Volg(Bx(r))−
1
n
(∫
Bx(r)
|uj|ndvg
) 1
n
≤
(
δ0
Volg(Bx(r))
) 1
n
.
Let u˜j = uj − aj for every j ∈ N. Then for enough large j ∈ N, one has∫
Bx(r)
u˜jdvg = 0 and
∫
Bx(r)
|∇gu˜j|ndvg < δ0.
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Therefore, by relation (48) and Cherrier’s result (cf. (4)) applied on Bx(r) for the functions
u˜j
‖∇gu˜j‖Ln(Bx(r))
, j ∈ N large enough, it follows that∫
Bx(r)
eα0
γ
γ−1
|uj |
n
n−1
dvg =
∫
Bx(r)
eα0
γ
γ−1
|u˜j+aj |
n
n−1
dvg ≤ eα0
γ
γ−1
2
n
n−1 |aj |
n
n−1
∫
Bx(r)
eα0
γ
γ−1
2
n
n−1 |u˜j |
n
n−1
dvg
≤ c7,
where the constant c7 > 0 depends on α0, n, r, x, γ and δ0, but not on j ∈ N.
Since {uj} is bounded in Lγ(M), the latter estimate together with Ho¨lder’s inequality and
relations (27) and (28) yield
Ij :=
∫
Bx(r)
|f(uj)(uj − uG)|dvg ≤
(∫
Bx(r)
|f(uj)|
γ
γ−1dvg
)1− 1
γ
(∫
Bx(r)
|uj − uG|γdvg
) 1
γ
≤ 2c0
(∫
Bx(r)
|uj|γdvg +
∫
Bx(r)
Φn
(
α0
γ
γ − 1 |uj|
n
n−1
)
dvg
)1− 1
γ
‖uj − uG‖Lγ(Bx(r))
≤ c8‖uj − uG‖Lγ(M),
where c8 > 0 does not depend on j ∈ N. Consequently, due to (37), we have
lim
j→∞
Ij = 0.
Now, the compact set S ⊂ M \ {0} can be covered by a finite number of geodesic balls with
the above properties, which completes the proof of (47) throughout the latter limit.
Step 3: for every compact set S ⊂ M \ {x0}, one has
lim
j→∞
∫
S
(|∇guj −∇guG|n + |uj − uG|n) dvg = 0. (50)
Let x ∈ M \ {x0} be arbitrarily fixed and r := rx < dg(x0, x) from (49). For every 0 < ρ ≤ r,
let Ax0(ρ) = Bx0(dg(x0, x) + ρ) \ Bx0(dg(x0, x) − ρ) be the open geodesic annulus with center
x0 ∈ M and radii dg(x0, x)± ρ, respectively.
We consider a dg(x0, ·)−radially symmetric function ϕ ∈ C∞0 (Ax0(r)) such that 0 ≤ ϕ ≤ 1
and ϕ = 1 on Ax0(
r
2
). Hereafter, a function ϕ : M → R is called dg(x0, ·)−radially symmetric,
if there exists a function hϕ : [0,∞)→ R such that ϕ(x) = hϕ(dg(x0, x)) for every x ∈ M. For
simplicity, we extend ϕ by zero to the whole M outside of the geodesic annulus Ax0(r).
Note that ϕ is G−invariant. Indeed, since FixM(G) = {x0}, for every x ∈ M and isometry
σ ∈ G we have
ϕ(σ(x)) = hϕ(dg(x0, σ(x))) = hϕ(dg(σ(x0), σ(x))) = hϕ(dg(x0, x)) = ϕ(x).
In particular, ϕ(uj − uG) ∈ W 1,nG (M) for every j ∈ N; insert this test-function into (34) to
obtain∫
M
|∇guj|n−2〈∇guj, (uj − uG)∇gϕ+ ϕ(∇guj −∇guG)〉dvg +
∫
M
ϕ|uj|n−2uj(uj − uG)dvg
−
∫
M
ϕf(uj)(uj − uG)dvg ≤ εj‖ϕ(uj − uG)‖0,1.
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Reorganizing this inequality, it yields that
Jj :=
∫
Ax0(r)
ϕ〈|∇guj|n−2∇guj − |∇guG|n−2∇guG,∇guj −∇guG〉dvg
+
∫
Ax0 (r)
ϕ
(|uj|n−2uj − |uG|n−2uG) (uj − uG)dvg
≤
∫
Ax0(r)
(uG − uj)|∇guj|n−2〈∇guj,∇gϕ〉dvg +
∫
Ax0 (r)
ϕ|∇guG|n−2〈∇guG,∇guG −∇guj〉dvg
+
∫
Ax0 (r)
ϕ|uG|n−2uG(uG − uj)dvg +
∫
Ax0(r)
ϕf(uj)(uj − uG)dvg + εj‖ϕ(uj − uG)‖0,1.
We shall check that every term on the right hand side of the above inequality tend to 0 as
j →∞. First, by Ho¨lder’s inequality, we have∣∣∣∣∣
∫
Ax0 (r)
(uj − uG)|∇guj|n−2〈∇guj,∇gϕ〉dvg
∣∣∣∣∣ ≤
≤ ‖uj − uG‖Lγ(M)Volg(Ax0(r))
γ−n
γn ‖∇guj‖n−1Ln(M)‖∇gϕ‖L∞(M).
Since {uj} is bounded in W 1,nG (M) and γ > n, due to (37), the latter expression tends to
0 as j → ∞. Second, due to (36), one has in particular that ∇guj ⇀ ∇guG weakly in
Ln(Ax0(r), TM). Therefore,
lim
j→∞
∫
Ax0(r)
〈ϕ|∇guG|n−2∇guG,∇guj −∇guG〉dvg = 0.
The third term trivially converges to 0. Due to (47), the fourth term tends to 0 as well. Since
{ϕ(uj−uG)} is bounded in W 1,nG (M) and limj→∞ εj = 0, the latter term on the right hand side
also tends to 0. Consequently,
lim
j→∞
Jj ≤ 0. (51)
On the other hand, for every x ∈M and X, Y ∈ TxM , we have the inequality
22−n|X − Y |n ≤ 〈|X|n−2X − |Y |n−2Y,X − Y 〉.
Combining this inequality with (51) and using the properties of ϕ, it turns out that
lim
j→∞
∫
Ax0(
r
2
)
(|∇guj −∇guG|n + |uj − uG|n) dvg = 0.
It remains to apply a covering argument as in Step 2 in order to prove (50).
Step 4: concluding the proof. By Step 3 (cf. (50)), we get in particular that the se-
quence {∇guj} converges (up to a subsequence) to ∇guG almost everywhere on M. Since the
sequence {|∇guj|n−2∇guj} is bounded in L nn−1 (M,TM), there exists X0 ∈ TM such that
|∇guj|n−2∇guj ⇀ X0 weakly in L nn−1 (M,TM). The a.e. convergence of the sequence {∇guj}
to ∇guG implies that X0 should be precisely |∇guG|n−2∇guG. Consequently,
|∇guj|n−2∇guj ⇀ |∇guG|n−2∇guG weakly in L nn−1 (M,TM). (52)
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Let w ∈ W 1,nG (M) be arbitrarily fixed. By density, there exists a sequence {wl} ⊂ C∞0 (M)
which converges to w in ‖ · ‖0,1. By using wl as a test-function in (34), due to relations (44),
(52) and the fact that limj→∞ εj = 0, we have∫
M
(|∇guG|n−2〈∇guG,∇gwl〉+ |uG|n−2uGwl)dvg −
∫
M
f(uG)wldvg = 0 for all l ∈ N.
Letting now l →∞, it turns out that∫
M
(|∇guG|n−2〈∇guG,∇gw〉+ |uG|n−2uGw)dvg −
∫
M
f(uG)wdvg = 0,
which is nothing but 〈E ′G(uG), w〉∗ = 0; thus, the arbitrariness of w ∈ W 1,nG (M) implies that
E ′G(uG) = 0, concluding the proof. 
Since (M, g) is a Hadamard manifold, its injectivity radius is +∞; thus, it costs no generality
to consider in particular ε0 = 1 and ε :=
1
j
(j ∈ N \ {1}) in the function (10), introducing the
rescaled Moser functions
mj(x) :=
(log j)
n−1
n
ω
1
n
n−1
u 1
j
(x) =
(log j)
n−1
n
ω
1
n
n−1
min
{(
− log dg(x0, x)
log j
)
+
, 1
}
, x ∈M. (53)
The functions mj are well-defined and supp(mj) = Bx0(1) for every j ∈ N \ {1}. Moreover,
since FixM(G) = {x0}, it follows that the functions mj are G−invariant for every j ∈ N \ {1};
thus, mj ∈ W 1,nG (M). Taking into account the computations from the proof of Proposition 2.1,
it follows that
‖mj‖n0,1 = 1 +O
(
1
log j
)
as j →∞. (54)
Moreover, inspired by Adimurthi and Yang [3] and do O´ [22], we have
Lemma 5.4. There exists j0 ∈ N \ {1} such that
max
s≥0
EG(smj0) <
1
n
(
αn
α0
)n−1
,
where α0 > 0 is from hypothesis (f1).
Proof. By contradiction, we assume that for every j ∈ N \ {1}, we have
max
s≥0
EG(smj) ≥ 1
n
(
αn
α0
)n−1
.
Since EG(0) = 0 and EG(smj)→ −∞ as s→∞ (cf. Lemma 5.2), there exists sj > 0 such that
max
s≥0
EG(smj) = EG(sjmj) = snj
‖mj‖n0,1
n
− F(sjmj).
On one hand, since F ≥ 0, the above relations yield
snj ‖mj‖n0,1 ≥
(
αn
α0
)n−1
. (55)
Due to (54), the above inequality implies that
lim inf
j→∞
snj ≥
(
αn
α0
)n−1
. (56)
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On the other hand, sj > 0 being an extremal point of s 7→ EG(smj), we also have that
d
ds
EG(smj)
∣∣
s=sj
= 0, which is equivalent to
snj ‖mj‖n0,1 =
∫
M
f(sjmj)sjmjdvg for every j ∈ N \ {1}. (57)
By (54), there exists c9 > 0 such that for large j ∈ N,
‖mj‖n0,1 ≤ 1 +
c9
log j
. (58)
Fix
L0 >
(
αn
α0
)n−1
ω−1n e
c9
n
n−1 .
By hypothesis (f1), there exists R1 > 0 such that
sf(s)e−α0s
n
n−1 ≥ L0 for every s ≥ R1. (59)
Note that the sequence {sj} is bounded. Indeed, if we assume, up to a subsequence, that
limj→∞ sj =∞, then for j ∈ N large enough, we have by (57) that
‖mj‖n0,1 ≥ s−nj
∫
Bx0 (
1
j
)
f(sjmj)sjmjdvg [sf(s) ≥ 0 for every s ≥ 0]
≥ L0s−nj
∫
Bx0 (
1
j
)
eα0(sjmj)
n
n−1
dvg [see (59)]
= L0s
−n
j e
α0s
n
n−1
j ω
−
1
n−1
n−1 log jVolg
(
Bx0
(
1
j
))
[see (53)]
≥ L0ωne
n
(
α0
αn
s
n
n−1
j −1
)
log j−n log sj
. [see Proposition 3.1 (ii)]
Letting j →∞, on account of (54) we arrive to a contradiction; thus, {sj} is bounded.
We claim that
lim
j→∞
snj =
(
αn
α0
)n−1
. (60)
By contradiction, due to (56), we assume that there exists ε0 > 0 such that (up to a subse-
quence) for enough large j ∈ N,
s
n
n−1
j >
αn
α0
+ ε0.
Note that for every x ∈ Bx0(1j ), we have sjmj(x) = sj(log j)
n−1
n ω
−1/n
n−1 → ∞ as j → ∞.
Therefore, for enough large j ∈ N, relation (59) can be applied for s = sjmj(x) with x ∈ Bx0(1j ),
obtaining in a similar manner as above that
snj ‖mj‖n0,1 ≥ L0ωne
n
(
α0
αn
s
n
n−1
j −1
)
log j
.
Consequently, the latter two inequalities, the boundedness of {sj} and (54) provide a contra-
diction once j →∞, which proves the validity of (60).
For every j ∈ N \ {1}, let
Aj = {x ∈ Bx0(1) : sjmj(x) ≥ R1} and Bj = Bx0(1) \ Aj .
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Due to (59), we have∫
M
f(sjmj)sjmjdvg =
∫
Aj
f(sjmj)sjmjdvg +
∫
Bj
f(sjmj)sjmjdvg
≥ L0
∫
Aj
eα0(sjmj)
n
n−1
dvg +
∫
Bj
f(sjmj)sjmjdvg
= L0
∫
Bx0(1)
eα0(sjmj)
n
n−1
dvg − L0
∫
Bj
eα0(sjmj)
n
n−1
dvg
+
∫
Bj
f(sjmj)sjmjdvg. (61)
Note that sjmj ≤ R1 in Bj , while mj → 0 and χBj → 1 almost everywhere in Bx0(1) as j →∞.
Consequently, on one hand, by the Lebesgue dominated convergence theorem we have
lim
j→∞
∫
Bj
eα0(sjmj)
n
n−1
dvg =
∫
Bx0(1)
dvg = Volg(Bx0(1)) and lim
j→∞
∫
Bj
f(sjmj)sjmjdvg = 0.
On the other hand,∫
Bx0 (1)
eα0(sjmj)
n
n−1
dvg =
∫
Bx0 (1)\Bx0 (
1
j
)
eα0(sjmj)
n
n−1
dvg +
∫
Bx0 (
1
j
)
eα0(sjmj)
n
n−1
dvg =: I
1
j + I
2
j .
Clearly, we have I1j ≥ 0, and for large j ∈ N,
I2j =
∫
Bx0 (
1
j
)
eα0(sjmj)
n
n−1
dvg
≥
∫
Bx0 (
1
j
)
eαnm
n
n−1
j
‖mj‖
−
n
n−1
0,1 dvg = e
n log j‖mj‖
−
n
n−1
0,1 Volg
(
Bx0(
1
j
)
)
[see (55)]
≥ ωnj
n
(
‖mj‖
−
n
n−1
0,1 −1
)
[see Proposition 3.1 (ii)]
≥ ωnj
n
(
(1+ c9log j )
−
1
n−1−1
)
. [see (58)]
Therefore,
lim inf
j→∞
I2j ≥ ωn lim
j→∞
j
n
(
(1+ c9log j )
−
1
n−1−1
)
= ωne
−c9
n
n−1 .
Putting in (57) the latter estimates together with relations (54), (60) and (61), it follows that(
αn
α0
)n−1
≥ L0ωne−c9 nn−1 ,
which contradicts the choice of L0. The proof is complete. 
Proof of Theorem 2.2. Let mj0 ∈ W 1,nG (M) be the Moser function which satisfies the con-
clusion of Lemma 5.4. By Lemma 5.2, the functional EG : W 1,nG (M) → R has the moun-
tain pass geometry; in particular, if e0 = s0mj0 ∈ W 1,nG (M) with s0 > 0 large enough, then
EG(e0) < 0 = EG(0) and EG(u) ≥ δ˜ > 0 for every u ∈ W 1,nG (M) with ‖u‖0,1 = r˜, where r˜ < ‖e0‖.
MOSER-TRUDINGER INEQUALITIES ON RIEMANNIAN MANIFOLDS 25
By using the mountain pass lemma for EG without the Palais-Smale compactness condition,
see e.g. Brezis and Nirenberg [8, p. 943], there exists a sequence {uj} ⊂W 1,nG (M) such that
EG(uj)→ c and E ′G(uj)→ 0 in W 1,nG (M)∗, (62)
where
c = inf
λ∈Λ
max
s∈[0,1]
EG(λ(s)) ≥ δ˜,
and Λ = {λ ∈ C([0, 1],W 1,nG (M)) : λ(0) = 0, λ(1) = e0}. According to Lemma 5.3, there exists
uG ∈ W 1,nG (M) such that, up to a subsequence,
lim
j→∞
F(uj) = F(uG), (63)
uj → uG strongly in Lp(M) for every p ∈ (n,∞), and uG is a critical point of EG. The latter
fact with Lemma 5.1 shows that uG is a non-negative G−invariant weak solution of (P).
It remains to prove that uG 6= 0. By contradiction, if uG = 0, relations (62) and (63) imply
on one hand that
lim
j→∞
‖uj‖n0,1 = nc ≥ nδ˜ > 0. (64)
On the other hand, if we apply uj as a test-function in E ′G(uj)→ 0, one has limj→∞〈E ′G(uj), uj〉∗ =
0, i.e.,
lim
j→∞
(
‖uj‖n0,1 −
∫
M
f(uj)ujdvg
)
= 0. (65)
By the definition of the minimax value c, it follows by Lemma 5.4 that
c ≤ max
s∈[0,1]
EG(se0) ≤ max
s≥0
EG(smj0) <
1
n
(
αn
α0
)n−1
.
This estimate and (64) guarantee the existence of q > n such that for every large j ∈ N,
q
q − 1‖uj‖
n
n−1
0,1 <
αn
α0
.
Relations (27), (28), the Ho¨lder’s inequality and the latter relation imply that for large j ∈ N,
0 ≤
∫
M
f(uj)ujdvg ≤ c0
∫
M
|uj|γdvg + c0
∫
M
|uj|Φn(α0|uj| nn−1 )dvg
≤ c0‖uj‖γLγ(M) + c0‖uj‖Lq(M)
(∫
M
Φn
(
α0
q
q − 1 |uj|
n
n−1
)
dvg
)1− 1
q
≤ c0‖uj‖γLγ(M) + c0‖uj‖Lq(M)
(
S0αn,1(M, g)
)1− 1
q .
Note that S0αn,1(M, g) <∞, cf. Yang, Su and Kong [51, Theorem 1.2]. Moreover, since γ, q > n
and limj→∞ ‖uj‖Lp(M) = 0 for every p ∈ (n,∞), it follows from the last estimate that
lim
j→∞
∫
M
f(uj)ujdvg = 0.
This limit and relations (64) and (65) provide a contradiction. Therefore, uG 6= 0. 
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6. Examples and an open problem
We present some possible scenarios where Theorem 2.2 can be applied.
Example 6.1. [Euclidean case] If (M, g) = (Rn, geuc) is the usual Euclidean space, Theorem
2.2 can be applied for x0 = 0 and G = SO(n1,R) × ... × SO(nl,R) with nj ≥ 2, j = 1, ..., l
and n1 + ... + nl = n, where SO(m,R) is the special orthogonal group in R
m. Indeed, we
have FixRn(G) = {0} and OxG = |xn1|Sn1−1 × ... × |xnl|Snl−1 for each x = (xn1, ..., xnl) ∈
Rn1 × ...× Rnl \ {0}. 
Example 6.2. [Hyperbolic case] For the hyperbolic space we use the Poincare´ ball model
H
n = {x ∈ Rn : |x| < 1} endowed with the Riemannian metric ghyp(x) = (gij(x))i,j=1,...,n =
4
(1−|x|2)2
δij . It is well known that (H
n, ghyp) is a homogeneous Hadamard manifold with constant
sectional curvature −1. Theorem 2.2 can be applied with the same choice for x0 and G as in
Example 6.1. 
Example 6.3. [Symmetric positive definite matrices] Let Sym(n,R) be the set of symmetric
n × n matrices with real values, P(n,R) ⊂ Sym(n,R) be the n(n+1)
2
−dimensional cone of
symmetric positive definite matrices, and P(n,R)1 be the subspace of matrices in P(n,R) with
determinant one. The set P(n,R) is endowed with the scalar product
〈〈U, V 〉〉X = Tr(X−1V X−1U) for all X ∈ P(n,R), U, V ∈ TX(P(n,R)) ≃ Sym(n,R),
where Tr(Y ) denotes the trace of Y ∈ Sym(n,R), and let us denote by dH : P(n,R)×P(n,R)→
R the induced metric function. The pair (P(n,R), 〈〈·, ·〉〉) is a Hadamard manifold, see Lang
[36, Chapter XII]. Note that P(n,R)1 is a convex totally geodesic submanifold of P(n,R) and
the special linear group SL(n,R) leaves P(n,R)1 invariant and acts transitively on it; thus
(P(n,R)1, 〈〈·, ·〉〉) is itself a homogeneous Hadamard manifold, see Bridson and Haefliger [9,
Chapter II.10]. Moreover, for every σ ∈ SL(n,R), the map [σ] : P(n,R)1 → P(n,R)1 defined
by [σ](X) = σXσt, is an isometry; here, σt denotes the transpose of σ.
Let G = SO(n,R). One can prove that FixP(n,R)1(G) = {In}, where In is the identity matrix.
First, it is clear that In ∈ FixP(n,R)1(G); indeed, for every σ ∈ G we have [σ](In) = σInσt =
σσt = In. Second, if X0 ∈ FixP(n,R)1(G), then it turns out that σX0 = X0σ for every σ ∈ G.
By using elementary matrices from G, the latter relation implies that X0 = cIn for some
c ∈ R. Since X0 ∈ P(n,R)1, we necessarily have c = 1. Moreover, the orbit OXG of the matrix
X ∈ P(n,R)1 \ {In} under the action of G is the geodesic sphere in P(n,R)1 with center In
and radius dH(In, X); in particular, Card(O
X
G ) = ∞. Indeed, for every σ ∈ G, since [σ] is an
isometry on P(n,R)1, it follows that
d2H(In, [σ](X)) = d
2
H([σ](In), [σ](X)) = d
2
H(In, X).
Consequently, Theorem 2.2 is applicable on P(n,R)1 with the choices x0 = In andG = SO(n,R),
respectively.
We conclude the paper with the following open problem concerning the volume growth of
geodesic balls in the presence of the Moser-Trudinger inequality (MT)0α,1:
Problem. Let (M, g) be an n−dimensional complete non-compact Riemannian manifold (n ≥
2) with non-negative Ricci curvature and assume the Moser-Trudinger inequality (MT)0α,1 holds
on (M, g) for some α ∈ (0, αn]. Is there any γ > 0 such that
Volg(Bx(r)) ≥
(
α
αn
)γ
ωnr
n for every x ∈M and r > 0?
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If the answer is affirmative, we could state that the sharp Moser-Trudinger inequality (MT)0αn,1
holds on an n−dimensional complete non-compact Riemannian manifold (M, g) with non-
negative Ricci curvature if and only if (M, g) is isometric to the Euclidean space Rn. Similar
results can be found e.g. in do Carmo and Xia [21], Krista´ly [32], Krista´ly and Ohta [33],
Ledoux [37] and references therein for various Sobolev-type inequalities; the arguments in these
papers are based on the precise shape of extremal functions for the studied Sobolev-type in-
equalities in the Euclidean setting. Although Li and Ruf [39] proved that the supremum SLRn
in (3) is achieved, no explicit extremal function is known.
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